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Abstract 
Zeitler, H., About special classes of Steiner systems S(2, 4, u), Discrete Mathematics 97 (1991) 
399-407. 
Parallel classes in S(2, 4, v) are investigated for odd Steiner numbers. It is proved that there 
exist systems S(2, 4, u) with at least one parallel class: 
(1) for all u = 61 or 49 + 48n, n E f+J,, 
(2) for all u = 25 or 37 + 48n, n E FU,, up to a finite number of cases. 
Classical constructions are used. 
1. Some well-known facts 
1.1. Concerning systems S(2, 4, v) [2, S] 
Let V with IV1 = v be a finite set and B a set of 4-subsets of V. The elements of 
V are called points, those of B blocks. Any 2-subset of V is contained in exactly 
one block. Then the incidence structure (V, B, E) is a Steiner system S(2, 4, v). 
Any Steiner system S(2, 4, v) contains exactly &v(v - 1) blocks and in any point 
there are exactly !(v - 1) blocks. The condition v = 13 or 16 + 1212, n E NO, is 
necessary and sufficient for the existence of such systems. The trivial cases v = 4, 
v = 1 are excluded here. These admissible numbers are called Steiner numbers. 
1.2. Concerning Latin squares [3] 
Definition 1.2.1. Any square matrix with q* entries of q different elements, none 
of them occuring twice within any row or column is called a Zatin square of order 
q, in short LS(q). 
Theorem 1.2.2. Any Latin square LS(q) induces a quasi-group ((1, 2, . . . , q}, 0) 
and vice versa. ( ‘0’ denotes the operation!) 
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Definition 1.2.3. Two latin squares L1 = (u,~), Lz = (b,) on q elements 1, . . . , q 
are said to be orthogonal if every ordered pair of elements occurs exactly once 
among the q* pairs (Uij, b,). We are speaking about MOLS(q), mutually 
orthogonal latin squares of order q. (Put the square L, on the square L2 and look 
for the pairs of elements!) A set of q different elements in LS(q) such that there is 
exactly one element in any row and exactly one element in any column is called a 
transversal. 
Theorem 1.2.4 (Wang [lo]; Todorov [9]). Let N(q) be the maximal number of 
MOLS(q). Then we have N(q) 3 3 f or all q E N with the exceptions 1, 2, 3, 6 and 
possibly 10. 
In the deleted cases we obtain: 
2. The aim of the paper 
Definition 2.1. A set of pairwise disjoint blocks in S(2, 4, v) is called a partial 
parallel class. 
Theorem 2.2 (Hanani, Ray Chaudhuri and Wilson [4]). For all v = 16 + 12n, 
n ENo, there exist systems S(2, 4, v) with exactly f(v - 1) parallel classes, each 
class with iv blocks. 
Systems of this kind are sometimes called resolvable. 
Problem 2.3. Now let v = 13 + 12n, n E No, modulo 48 we write v = 13 or 25 or 
37 or 49 + 48n, n E No. 
Are there systems S(2, 4, v) of these orders such that there exists a 
parallel class (at least one) of exactly a(v - 1) blocks? 
In the case v = 13 we have exactly one system S(2, 4, 13), namely the 
projective plane PG(2,3). Parallels cannot exist. It was possible to construct a 
system S(2, 4, 25) with several parallel classes consisting of 6 blocks each-using 
the trial and error method without any general construction system. (No. 1 in 
Fl-) 
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3. A recursive construction of systems S(2,4, u)-the ‘transversal’-method [2] 
Starting with a system S(2, 4, w), a new system S(2, 4, 4w - 3 = v) is 
constructed. 
The starting system 3.1. Let the point set of our starting system be WI U {Z} and 
Z a special point with exactly i(w - 1) blocks (Fig. 1). 
Multiplying 3.2. Now we connect four systems S,(2, 4, w) in such a way (Fig. 2) 
that Z is the only common point of all systems. (The four systems may or may not 
be isomorphic. So we have the possibility to construct non-isomorphic systems 
S(2, 4, u).) 
The new system S(2,4,4~ - 3 = u) 3.3. The points: Let K U {Z} be the point 
set of &(2, 4, w). 
v=w,uw,uw,uw,u{z}. 
WithJW;:l=w-lweobtainIVJ=u=4w-3. 
Old blocks: All the blocks of our systems $(2,4, w) are also blocks in the new 
system. This means that we have already &w(w - 1) = &(v f 3)(v - 1) blocks. In 
respect of our new system 
&u(v - 1) - &(v + 3)(v - 1) = &(v - 1)2 = (w - 1)2 = q* 
lines are still missing. 
Lemma 3.4.1. Due to Theorem 1.2.4for all w = 13 or 16 + 12n, it E No, there exist 
three MOLS(w - 1): L,, L2, LJ. 
Proof. w = 13 or 16 + 12n 3 w - 1 = 12 or 15 + 12n. The excluded values 1, 2, 3, 
6, 10 do not occur. 0 
Lemma 3.4.2. Due to Theorem 1.2.2 the latin squares L1, L2 are inducing two 
quasi-groups: ((1, . . . , 41, oh ((1, . I .., 41, 4 
S(2,4,wl 
Fig. 1. 
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New blocks 3.5. All the points of our system S(2,4, v) distinct from 2 now are 
written in a new way, as pairs: (1,. . . ,q} x {1,2,3,4}. Any point set 
-$l,Y2,~~Y3,~~Y4~ with x, y E (1, . . . , q} is now defined to be a new block. 
This procedure yields q2 = (w - 1)” = &(n - 1)’ = q2 blocks. This is exactly the 
number of missing blocks. So our construction is finished. It is immediately to 
see, that any 2-subset is contained in exactly one block and that any block is a 
4-subset. Because of our definition in 1.1 we have a system S(2,4, V) with four 
subsystems S(2, 4, w). 
Fig. 2. 
Corollary 3.6. Our construction only yields systems S(2, 4, v) with u = 49 or 
61+ 48n, n E NO. 
Proof. The subsystems S(2, 4, w) have order w = $(v + 3). This means !(v + 3) 
= 13 or 16 + 12n and therefore v = 49 or 61+ 4% So our ‘transversal’-method 
does not work for all the other admissible numbers. These are all even orders and 
the odd orders 25 or 37 + 48n. 0 
4. Theorem 
Theorem 4. For all v = 49 or 61+ 48n, n E NO, there exist systems S(2, 4, v) with 
a(v - 1) parallel classes with a(v - 1) blocks each. In any parallel class Z is the 
special point. 
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In a modern and very general notation [7] we can say: Our construction yields a 
group-divisible design {4}-GDD of Type q4 - ll. 
Proof. We claim that the system constructed in Section 3 has exactly the required 
qualities. To prove this, beside L, and L2 we consider the third latin square L3, 
mentioned in Lemma 3.4.1. Any element ax,, of this LS(q) induces with the 
elements x oy and x q y at the corresponding places in L1 and L2 one block 
{xl, ~2, x 0~3, n q y4) . In this way one element of { 1, . . . , q} yields q = w - 1 = 
a(v - 1) pairwise disjoint transversals in L, and in L,. The corresponding q 
blocks are pairwise parallel, they form a parallel class. We continue with this 
procedure of choice, using the other q - 1 numbers out of (1, . . . , q} and obtain 
the missing q - 1 parallel classes. 0 
5. Generalizing the ‘transversal’-method 
We start again with four systems %(2, 4, w) and we assume that the intersection 
of these systems is not a point but more generally a subsystem S(2, 4, a). Look at 
the hatched region in Fig. 2. Further we assume that S(2, 4, a) obtains either a 
parallel class with ia or with $(a - 1) blocks. 
Now we give again a recursive construction of a new system S(2, 4, v). 
The points: Let A be the point set of S(2,4, a) and w U A the point set of 
&(2, 4, w). 
V=W,UW,UW,UA. 
With[wl=w-uandIAl=uweobtainIVI=v=4w-3~. 
The blocks: All the blocks of our systems Si(2, 4, w), together with (w - a)’ = 
q* blocks constructed in Section 3 using again the ‘transversal’-method. The 
number of blocks then is 
(w -a)‘+ fw(w - 1) - $u(a - 1) = &(V - 1). 
It is easy to see, that we have a Steiner system S(2, 4, v). What about the 
parallels in S(2, 4, v)? According to our assumption in S(2, 4, a) there exist 
either $a or $(a - 1) parallels. The ‘transversal’-method yields further w - a = q 
parallels. Totally we have $a + w - a = iv or respectively $(u - 1) + w - a = 
a(u - 1) parallels. Our system S(2, 4, v) has either a class of iv or of $(n - 1) 
parallels. Naturally also in this case we have at least q parallel classes. This 
number may be increased if there exist more than 3 MOLS(q). Using again the 
notation in [7] we have now a {4}-GDD of type q4 - 1” (in this connection see also 
ill)- 
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6. Some special cases 
De Resmini ([8] and communication by letter) gives a detailed presentation of the 
following four cases: 
W 13 
LI a 4 V 40 
16 
1 
61 
Further possibilities 
(a) a = 0. 
v=4w. With w=13 or 16+12n we 
number. 
(b) a = 1. 
obtain v = 52 or 64 + 48n, an even 
v = 4w - 3 and therefore v = 49 or 61+ 48n. This is exactly the case treated 
already in the Sections 3, 4. 
(c) a = 4. 
v = 4w - 12 and therefore v = 40 or 52 + 48n, again an even number. 
(d) a = 13. 
S(2, 4, a) contains no parallel class, so our assumption is not fulfilled. 
In the following sections the main problem is to find starting systems S(2, 4, w) 
with suitable subsystems S(2, 4, a). Do they really exist in the cases a $ 
(0, 1, 4, 13}? From now on we are interested only in odd Steiner numbers 
v = 4w - 3a. So it is sufficient also to assume a odd. 
7. Theorem 
Theorem 7. For an infinite set of Steiner numbers v = 25 or 37 + 48n there exist 
systems S(2, 4, v) with a class of a(v - 1) parallels. 
Naturally with this theorem our Problem 2.3 is not completely solved in respect 
of all numbers 25 or 37 + 48n. But nevertheless we have an infinite number of 
cases. 
Proof. The proof of Theorem 7 is given in several steps. 
The first step: We start with a system S(2, 4, a) containing a class of parallel 
blocks as constructed in Section 3. Then we have a = 61 or 19 + 48n, n E No. The 
so-called ‘central’-method used in [13] yields a system S(2, 4, w) with w = 3a + 1. 
Now we perform the generalized ‘transversal’-method in Section 5 and obtain a 
system S(2,4, v) with v = 4w - 3a = 9a + 4 = 553 or 445 + 9 .48n, n E No. The 
first class of these Steiner numbers is of type 25 + 48N, the second one of type 
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13 + 48N. Due to Theorem 4 the latter case is not at all interesting for us. So we 
have 
v = 553 + 9 - 48n = 25 + 48(9n + 11) n E NO. 
The second step: We start exactly as in the first step. The so-called 
‘parallel’-method used in [12] yields a system S(2, 4, w) with w = 4~. Now we 
perform again the generalized ‘transversal’-method and obtain a system S(2, 4, V) 
with 
v=4w-3~=13~=793 or 637+13*48n, n e N,. 
The second class of these Steiner numbers is of type 13 + 48N and therefore 
uninteresting. So we have v = 793 + 13 - 48n = 25 + 48(13n + 16), n E NO. These 
numbers are distinct from the numbers obtained in the first step. 
The third step: Now we perform ‘central’-, ‘parallel’- and ‘transversal’-method 
starting with the systems obtained in the first and second step. This procedure 
yields in any case systems S(2, 4, V) of type v = 37 + 48N with a class of $(v - 1) 
parallel blocks. 
Further steps: It is possible to repeat this procedure again and again, 
beginning with the new systems of the preceding step. This always yields systems 
S(2, 4, V) with a class of !(v - 1) parallel blocks. We obtain step by step systems 
with cardinality 25 or 37 or 49 or 61+ 48N. 0 
8. An improved theorem 
Theorem 8. For all v = 25 or 37 + 48n, n E NO, there exist systems S(2, 4, v) with 
a class of $(v - 1) parallel blocks, excepted possibly for v = 73, 121, 169, 217; 37, 
85, 133, 181. 
Using the ‘transversal’-method at any place of the proof we obtain systems not 
only with one but with several parallel classes (as in Section 4 and 5 too). This 
also holds in respect of Theorem 7. With Theorem 8, Problem 2.3 is solved up to 
a finite number of cases. 
Due to Wei and Zhu [ll] for all Steiner numbers a 3 85 any S(2, 4, a) can be 
embedded in some S(2,4, w) if w 2 4u - 12. Meanwhile Rees-Stinson improved 
this theorem in the following final way. 
Theorem 8.1 (Rees and Stinson [7]). Any S(2,4, a) can be embedded in some 
S(2, 4, w) if w 3 3u + 1. 
Proof of Theorem 8. We start with the system S(2, 4, 25) mentioned in Problem 
2.3. This system contains several classes of parallels, 6 blocks each. Now we are 
embedding this system S(2, 4, 25) in a system S(2, 4, w), following Theorem 8.1. 
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Then we have w 2 3a + 1 = 3 * 25 + 1 = 76. Performing now the construction in 
Section 4 a system S(2, 4, v) is obtained with v = 4w - 3a 2 4.76 - 3 .25 = 229. 
we distinguish two cases. 
w = 13 + 12n. 
Then we have 
~=4~-3~=4~(13+12n)-3~2S=-23+48n=25+48(n-1)~229 
and therefore it 2 6. 
w = 16 + 12n 
This case yields in the same way 
v = 4 . (16 + 12n) - 3 .25 = - 11+ 48n = 37 + 48(n - 1) 2 229 
and therefore n 2 5. •i 
So there are still 8 cases to be proved: 
9. Remarks 
Remark 9.1. For all the constructions given in Section 7 and 8 the critical cases 
q = 2, 3, 6, 10 cannot occur. Therefore we really have N(q) 2 3. 
Remark 9.2. Using the 
given in [2, (p. 311)] has 
cases remain unproved. 
computer we found that the cyclic system S(2, 4, 37) 
at least 37 parallel classes with 9 blocks each. So only 7 
Remark 9.3. Meanwhile Wei- Zhu (communication by letter) confirmed that the 
results and proofs in this paper are correct. Beyond this, they found another 
proof, using incomplete transversal designs and a theorem concerning self- 
orthogonal latin squares. Their proof works for all cases up to v = 37, 73. But it 
yields only one class of parallels. 
Remark 9.4. Some people proposed to investigate more precisely the number 
and the kind of parallel classes in the systems constructed in this paper. 
Remark 9.5. If we assume the existence of systems S(2, k, v) with k E N, k = 3, 
k > 4, then most of our results may be extended in a similar way to these cases. 
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